2-RIEMANNIAN MANIFOLDS 
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Abstract. A 2-Riemannian manifold is a differentiable manifold exhibiting a 2-inner prod- 
uct on cach tangent space. We first study lower dimensional 2-Riemannian manifolds by 
giving necessary and sufficient conditions for flatness. Afterward we associate to each 2- 
Riemannian manifold a unique torsion free compatiblc pseudoconnection. Using it we define 
a curvature for 2-Riemannian manifolds and study its properties. We also prove that 2- 
Riemannian pseudoconnections do not have Koszul derivatives. Moreover, we define station- 
ary vector field with respect to a 2-Riemannian metric and prove that the stationary vector 
fields in M 2 with respect to the 2-Riemannian metric induced by the Euclidean product are 
the divergence free ones. 

1. Introduction 

In his famous 1854's Habilitationsvortrag "Uber die Hypothesen, uielche der Geometrie zu 
Grunde liegen" Bernhard Riemann gave the foundations of the Riemannian geometry based 
on the choice of an inner product on each tangent space. Afterward Finsler in his thesis [9] 
developed a geometry, the Finsler geometry, in which a general norm is chosen instead. In 1933 
Cartan [3] considered a geometry based on the notion of area, the Cartan spaces, which are the 
dual of the Finsler spaces under the Legendre transformation [17 . Around 1950 Kawaguchi 
generalized both Finsler and Cartan by introducing the Areal Spaces where the m-dimensional 
area is given by a f undamental integral [12] . More recently, Miron defined the Hamilton spaces 
as a natural generalization of the Cartan spaces [18] ■ 

In 1964 Gaehler introduced the concept of 2-norm as an abstraction of the area of the 
parallelogram formed by two vectors in a vector space. 2-normed counterpart of well known 
results in the theory of normed spaces have been obtained elsewhere [TÖ]. Kawaguchi pointed 
out the equivalence between a 2-norm space and what he called flat areal space, i.e., a linear 
areal space where the 2-dimensional area does not depend on the base point (see [13] p. 166). 
In 1973 Diminnie, Gaehler and White [7] introduced the 2-inner product spaces which are 2- 
dimcnsional analogue of inner product spaces. The corresponding theory studying the relation 
between inner, 2-inner and 2-normed spaces have been developed elsewhere (e. g. [1]). 

These works motivate the study of 2-Riemannian manifolds, that is, differentiable manifolds 
exhibiting a 2-inner product on each tangent space (n-Riemannian manifolds may be dehncd 
analogously using n-inner products [19] instead). 

We first study 2-Riemannian manifolds of dimension 2 and 3 by giving necessary and sufficient 
conditions for locally flatness. Afterward we associate to each 2-Riemannian manifold a unique 
torsion free compatible pseudoconnection. Using it we define a curvature for 2-Riemannian 
manifolds and study its properties. We prove that a 2-Riemannian pseudoconnection does not 
have Koszul derivatives in the sense of [15] . We also define stationary vector field with respect 
to a 2-Riemannian metric based on Definition 3.1.3 in [15]. It is proved that the stationary 
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vector fields in R 2 with respect to the 2-Riemannian metric induced by the standard Euclidean 
metric are precisely the divergence free ones. 
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2. 2-RlEMANNIAN METRICS 

In this section we define 2-Riemannian metrics on a differentiable manifold. Previously we shall 
recall the definition of 2-inner product spaces [7]- 

Definition 2.1. A 2-inner product in a vector space V is a map g: VxVxV-^M. uihich 
satisfies the following properties for ali u, u' , v, w £ V and a G M; 

(1) g(u,u/v) > and g(u,u/v) = if and only if u and v are linearly dependent; 

(2) g(u,u/v) = g(v,v/u); 

(3) g(u,v/w) = g(v,u/w); 

(4) g(au + u', v/w) = ag(u, v/w) + g{u', v/w). 

(Here we have used the customary notation g(u,v/w) instead of g(u,v,w).) 
Let us quote some basic properties of 2-inner products on vector spaces (see for instance [7 
and Thcorcm 2 p. 271 in [8]). 

Lemma 2.2. Let g be a 2-inner product in a vector space V . Then 

(1) g(ei,e 2 /e 1 ) = 0, g(ex,e 1 /e 2 ) = -g(ei, e 2 /ei + e 2 ), g(e%, e 2 /a 3 e 3 ) = a\g{e\, e 2 /e 3 ); 

(2) g (eU cnet, EU A* I EU W ) = det det g £ 

g(e 1 ,e 1 /e 2 ); 

(3) 9 (eU a i e h EU I EU 7<e<) = \ Ei,j=i,i& det ■ 

det (A + ± det(°- £ 

g(ei,ej/ek), 

for ali ei,e 2 ,e 3 g F, a^Pi,^ € K = 1,2,3J. 

2.1. Definition. Let M be a differentiable manifold. Denote by C°°(M) the ring of ali C°° 
real-valued functions in M. Let LT : £ — > M be a vector bundle over M with total space £ and 
projection LT (we write £ instead of LT : £ — > M for simplicity). Denote by f2°(£) the C°°(M)- 
module of C°° cross-sections of £. Whenever £ = TM is the tangent bundle of M we shall 
write X instead of fl° (TM) (or X (M) to emphasize dependence on M). The fiber of £ over p 
is denoted by £ p . 

A 2-Riemannian metric in £ is a map g assigning a 2-inner product g p to each fiber p e M, 
which is smooth in the following sense: For every r,s,t G the map g(r,s/t) : M M 

defined by 

g(r, s/t)(p) = g p {r(p), s(p)/t(p)) 

bclongs to C°°(M). A 2-Riemannian metric in M is a 2-Riemannian metric in its tangent 
bundle. A 2-Riemannian manifold is a pair (M, g) where M is a manifold and g is a 2- 
Riemannian metric in A/. 
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Every 2-Riemannian metric g in M induces an areal metric |12) defined by 
F(u, v) = y g p (u, u/v), Vp G M, Vn, u G T P M. 

Another related (although different) concept is that of area metric manifold in [20]. Indeed, a 
2-Riemannian metric cannot be represented by a tensor field as in the area metric case. 
Every Riemannian metric h in M induces a 2-Riemannian metric in M defined by 

(f) g p (u,v/w) = h p (u,v) ■ h p (w,w) - h p (u,w) ■ h p (v,w), 

for ali p € M and u,v,w G T P M. This is called the simple 2-Riemannian metric generated by 
h. A 2-Riemannian metric g in M is simple if it is the simple 2-Riemannian metric generated 
by some Riemannian metric in M. 

2.2. The locally flatness problem. The basic problem in Riemannian geometry is to give 
necessary and sufhcient conditions for a Riemannian manifold to be locally flat. Such a problem 
gave rise to the concept of curvature in Riemannian geometry (see for instance |21j). In this 
subsection we want to formulate the analogous problem but for 2-Riemannian metrics instead. 
For this we use the following definition. 

Definition 2.3. A 2-isometry betiveen 2-Riemannian manifolds (M, g) and (M, g) is a diffeo- 
morphism h : M — » M satisfying 

g h{p) {Dh p (u),Dh p {v)/Dh p {w)) = g p (u,v/w), Vp G M,\/u,v,w G T p M. 

We say that (M, g) and (M, g) are 2-isometric if there is a 2-isometry betmeen them; and locally 
2-isometric if for every p € M there are a neighborhood U of p and a neighborhood U in M such 
that (U,g) and {U,g) are 2-isometric. We say that M is locally flat if it is locally 2-isometric 
to (m,g st ), uihere n — dim(M) and g st is the simple 2-Riemannian metric of MJ 1 induced by the 
standard Euclidean product of K™ . 

The locally flatness problem then consists of giving necessary and sufficient conditions for a 
2-Riemannian manifold (M, g) to be locally flat. This problem makes sense only in dimension 
> 3 by the following result. 

Theorem 2.4. Every 2-Riemannian manifold of dimension 2 is locally flat. 

Proof. Let M be a Riemannian manifold of dimension 2. Fix po S M and denote by (x,y) 
the standard coordinate system of R 2 . Choose a coordinate system (U,<p) around po. Dcfinc 
G : <j>(U) -> M by 

G(q) = g m (D4> q (A) ,D4> q (J^ j D<f>J 9 
Let (u, v) = (u(x, y), v(x, y j) be a solution of the PDE below: 



dy 



d(u, v) 



d[x,y) 
where 

d(u, v) du dv du dv 

d(x, y) dx dy dy dx 
stands for the Jacobian of (u, v) with respect to (x, y). (Such a solution always exists e. g. [14]). 

Define h : U — > M 2 by h = (u, v) o tfi^ 1 . Clearly h is a diffeomorphism onto V = h(U). Take 
p G 4>{U) and q = (f>~ 1 (p). The chain rule yields 

Dh Hq) (D^ q (±\\=D(u,v)J^- 
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for z = x,y. By Lemma l2~2"l -f2') we obtain 



gl\ p) [ Dh p [ D^ q [ — jj,Dh p \DcP q j j Dh p 



d(u, v) x 
d(x,y) 



= G. 



Thus the definition of G above implics 

(2) g s h \ p) (Dh p (a),Dh p (a)/Dh p (b)) = g P (a,a/b) 

at least for a = D(j> q ( Jj) and b = D(j) q (j^j . It follows that © holds for ali a, b G T p M since 

{D<ft q (^) ,-D0 g U5y)} i s a base of T p M. As p € 4>{U) is arbitrary we conclude that h is a 

2-isometry between (c/>(U),g) and (V, g s< ). Since po G M is arbitrary we conclude that M is 
locally flat. This proves the result. □ 



Theorem 12.41 is a 2-dimensional version of an elementary fact in Riemannian geometry ( |16) 
p. 116) asserting that every Riemannian 1-manifold is locally isometric to M (or even that 
every curve can be parametrized by arc length) . It is also related to the well known existence of 
isothermal coordinates on every Riemannian surface [3T]. It can be used as well to prove that 
every 2-Riemannian manifold of dimension 2 is simple and, furthermore, that two arbitrary 
2-Riemannian manifolds of dimension 2 are locally 2-isometric. 

Now we consider the 2-Riemannian 3-manifolds, i.e., 2-Riemannian manifolds of dimension 
3. In such a case we have the following characterization. 

Theorem 2.5. A 2-Riemannian i-manifold (AI, g) is locally flat if and only if for every po G M 
there is a coordinate system (O, <p) aroundpo such that the follouiing system of first order PDE, 

has a solution f = (J 1 ,/ 2 ,/ 3 ) : O — > K 3 ivhere (x 1 , x 2 , x 3 ) is the standard coordinate system of 
M 3 and the gijk 's are the functions defined by 

9iM=9m (V (^f) ,D*, (^j) /d* 9 (^)) . 

Proof. Let us prove the sufficiency. Consider a locally flat 2-Riemannian 3-manifold (M, g) and 
pick po G M. Then, there is a diffeomorphism h : Oq —¥ O from a neighborhood Oq of p$ onto 
an open set O C R 3 such that 

(3) g s h \ p) (Dh p (u),Dh p (v)/Dh p {w)) = g p (u,v/w), Vp G O yu,v,w G T P M. 

We define cf> = hr 1 : O — > Oq hence (0, 4>) is a coordinate system around po. For ali 
i,j, k G {1, 2, 3} and ali q G O we have 

d^'dxl/ dx*) = ° ijk ' 



( 4 ) 9ijk (?) = 9 S a ( A , A / A ) = k 



where the symbol öijk is defined by 

öijk = Sij — öik ■ öjk- 

(5ij is the Kronecker delta.) It follows from ([3]) and (j4]) that the system in the statement has 
the trivial solution / = (x 1 , x 2 , x 3 ). This proves the only if part of the theorem. 
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Now we prove the necessity. Suppose that there is a coordinate system (O, <f>) around a fixed 
(but arbitrary) point po G M so that the aforementioned system has a solution / = (/*, f 2 , f 3 ). 
It turns out that / is a diffeomorphim onto its image f (O) which is an open subset of M 3 . 

Define h : (f>{0) -> f (O) byh^fo^- 1 . Noting that 

we get 

±\\ nh fnJJL\\ / nh ( n J± 



9iU [ Dh [°* {^))> Dh { D *{9^))/ Dh [ D * [ä?, 

9ijki<t>~ X (p)) 

because of the system in the statement (we have written Dh instead of Dh p , etc for simplicity). 



Hence 



LVi nJnJ-LVl /nnfnJJ. 



'&)> D *(w)/ D *(Ji 



by the definition of gijk- 

Now pick u,v,w € T p M . Then, 



for some scalars aj,/3j,7j. Applying Lemma l2.2l -(3) we obtain 



g p (u,v/w) 



Y det( ai ^)det 



Pi H 
Pj li 



9%) ( Dh ( 



Y det( ai Ji )det(% 

\a k Ik) \Pk Ik) 



"'M Dh \ D " 1 M) > Dh ( D + (w)) / Dh h (■£* 



y det ai 74 ) det 



i Ti/ 7i 



y det h Adetfä ^ 

g£ [p) {Dh{u),Dh{v)/Dh{w)) 
and the result follows. □ 

We shall apply this result to find non-locally flat 2-Riemannian metrics in R 3 . For this we 
need the following lemmas. Let / be the identity matrix. Given a differentiable map / we 
denote by D t f(x) the transposed of the matrix Df(x). 
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Lemma 2.6. Let [i be a positive non-constant C°° function defined in an open subset Q C 
If the folloming PDE 

D t f(x)-Df(x) = J(x,ff- f x(x)-I 
has a C°° solution f with non-zero Jacobian J(x,f), then 

f\x-a\ 4 

M*) = — J3— 
for some r > and some a ^ Cl. 

Proof. The proof uses standard arguments in Geometric Function Theory [11] . 

Observe that if J(x, /) 2 /i(x) were constant, then J(x, /) also does (e. g. replace in the PDE 
of the statement and take determinant). So, /i(x) would be constant which is a contradiction. 
Therefore J(x, f) 2 [i(x) is not a constant function. 

Next we define 

\(x) = \n(J(xJ) 2 fi(x)). 
The hypothesis of the proposition implies that there is a solution of 

D*f(x) ■ Df(x) = e x ^I. 
From this we get (as in [TT] p. 39) that A solves 

, d 2 X _ d\_ d\_ 2 
drfdrf ~ dx*' dxi I VA I 
where V is the gradient operator and | • | is the norm operation. Set 

P(x) = e 2 . 

It turns out that | VP | 2 = ^ | VA | 2 so gfw = ^p~% thus p solves 
Because of this we get 

P(x)=r- 2 \ x-a\ 2 
for some r > and some a ^ fl (see for instance [TT] p. 40). Then, 

e -|ln(J(x,/)V(x)) =r .-2| a ._ a |2 

and so J(x, f)^ 1 fi(x)~^ = r~ 2 \ x — a | 2 , yielding 
(5) J(*,/)V(x) 



\x~a\ 4 ' 

Replacing in the PDE of the statement we get 

D*f(x) ■ Df(x) = Y^-^j4 L 
By taking determinant in both sides of the above equation we obtain 

\2 



and replacing in ([5]) we obtain 



\x-a\ 4 



| x -a |V ^ ' | x-a | 4 
which proves the result. □ 
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Lemma 2.7. Let g^ be C°° real valued functions defined in an open subset f2 of M. 3 , i,j,k € 
{1,2,3}. Suppose that the matrix 

( 9223 —9123 — <?132 1 
-5123 5113 -.9231 
—5132 —ff231 <?112 

is Weil defined for ali x £ Vi. A C°° diffeomorphism f — (f 1 , f , / ) defined in Q, is a solution 
of the PDE 

V djf\f) d(f a ,fP) 

9ljk i<^9< 3 d &> xk ) ' 8&>*) 
if and only if f solves the follouting Beltrami-like system 

D t f(x)-Df(x)^J(xJ) 2 -G(x). 
Proof. Let Cof(Ä) be the cofactor matrix of A (e. g. j5]). The hypothesis on / implies that 

Cof{D t f)-Cof{Df) = G-\ 
But Cof(A) = det(A) ■ (A -1 )* wherever A is an invertible matrix. Taking A = Df we get 

Cof(Df) = J(-J)-((Df)- 1 ) t . 
(See S! p. 4.) Hence Cof(Df) 1 = J(-,f) ■ (Df)- 1 and so 

J( x ,f) 2 ■ (Df(x))^ 1 ■ ({Df)- 1 ) 1 = G- 1 (x) 
which is equivalent to the Beltrami-like system in the statement. □ 
Theorem 2.8. There is a 2-Riemannian metric in R 3 vohich is not locally flat. 

Proof. Just take a 2-Riemannian metric conformally equivalent to g st , i.e., g — X ■ g st for some 
positive function A. If g were locally flat then we would have by Theorem 12.51 and Lemma l2~7l 
that the PDE in Lemma [2~!6l has a solution / for that A. Hence /i would be as in the conclusion 
of Lemma \2. 61 The result then follows by taking a suitable A. □ 



It can be proved however that, as in the surface case, every 2-Riemannian 3-manifold is 
simple. 

3. S-PSEUDOCONNECTIONS 

In this section we define the kind of connection which we will associate to a 2-Riemannian 
manifold. 

3.1. Definition. Rccall that an ordinary (or afHne) connection of a vector bundle f over a 
manifold M is defined in classical difierential geometry as an M-bilinear map V : X x — > 

satisfying V^s = ipV x s and V x(^ps) = X(ip)s + <pV x s for ali (X, s) e X x 
and ali ip G C°°(M). This definition was extended in [2] where the last property is replaced by 
Vx(ys) = X(ip)P(s) + ipVxs for some homomorphism P : — > f2°(^). A further extension 
[I] allows P to take values not necessarily in f2°(£) but in 57° (77) for some another vector bundle 
rj over M. Here we have the necessity of further extending the definition by allowing P to take 
values in an arbitrary module D over C°°(M). The precise definition is as follows. 

A pseudoconnection with values in S) of £ (or S) -pseudoconnection for short) is an R-bilinear 
map V : X x f2°(£) —> T> for which there is a homomorphism P : rZ°(^) —> D, called the 
principal homomorphism of V, such that V v a'S = (p\?xs and Vx(^s) = X((p)P(s) + (p\7xs 
for ali (X, s) e X x fi°(£) and ip G C°°(M). (We shall use the customary notation X7 X Y 
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instead of V(A, Y).) When £ = TM is the tangent bundle of M we say that V is torsion free 
if V X Y - Vyl = P([X, Y}) for ali X, Y G X. 

The class of 23-pseudoconnections is broad enough to include not only the ordinary con- 
nections (where 23 = and P is the identity) and the ordinary pseudoconnections (where 

23 = but also the O-derivative operators where 23 = for some vector bundle n over 

M. 

Let us introduce a basic example of 23-pseudoconnection on a vector bundle £ over M . Given 
a C°° (M)-module 23 we denote by fi 1 ^, 23) the set of ali homomorphisms u> : -> 23. This 

is a C°°(M)-module under the usual operations. For simplicity we write fi 1 (M, 23) instead of 
VI 1 (TM, 23). 

For every r > the module 23 acts on the right on the C°°(M)-module of ali maps ip : 

X x ••• x X x Q°(£) -> C°°(M). This action is defined by 

(</> ' ,x r )S = </>(Ai, ' ' ' , A r , s)d. 

In particular for r = we have (p ■ d)s = <p(s)d, Vs G Vv? : -> C°°(M). It is clear 

that ^ • d G ^(£,23) whenever (<p,d) G fi 1 ^, C°°(M)) x 23. 

On the other hand, we define the differential dtp : Xx 0°(£) — > C°°(M) of any map p : 
-> C°°(M) by 

(6) dipxs = X(<p(s)), V(A, s) e X x 

It is a C°°(M)-pseudoconnection of £ with principal homomorphism ip whenever ip G C°°(M)). 
Therefore, <9<,ö • d is a 23-pscudoconncction of £ with principal homomorphism <p ■ d, V(<p, d) G 
Q 1 (^C°°(M)) x23. 

We also define the product </> • uj : X x Q°(£) -> 23 between p : ->• C°°(M) and 

w : X 23 by 

(p ■ uj) x s = ip(s)u(X), V(A, s) e X x 
Then, • w is a 23-pseudoconnection of £ with zero principal homomorphism (i.e. it is C°°(M)- 
bilinear) for every (<p,w) G fi 1 ^,®) x fi^M,©). 

For every triple (ip,d,w) G O 1 ^, C°°(M)) x 23 x fi^M.S) wc define 

(7) v (vAtj) =dp-d + p-uj. 

As • dis a 23-pseudoconnection of £ with principal homomorphism <p • d, and (ys • lo is C°° (M)- 
bilinear, we have that V^' d ' w ^ is a 23-pseudoconnection of £ with principal homomorphism <p-d. 
A 23-pscudoconncction cquals to y(v» d > u ) for some (<p,d,u) G fi 1 ^, C°°(M)) x 23 x H 1 (M, 3)) 
will be refereed to as a fundamental 23 -pseudoconnection o/£. 

Clearly the sum of finitely many fundamental 23-pseudoconnections {V^ i ' di ' Wi ^}f_ 1 of £ is 
a 23-pseudoconnection of £ with principal homomorphism Y^l=i Vi' di- Let us prove that these 
sums exhaust ali possible 23-pseudoconnections of the /c-dimensional trivial bundle e k M = M x R fe 
over M. 

Proposition 3.1. Every 23 -pseudoconnection of ' e k M is the sum of k fundamental 23 -pseudoconnections. 

Proof. Let V be a 23-pseudoconnection of e k M . Fix a base {ei, • • • , et] of f2 1 (e| f ) as a C°°(M)- 
module. Then, there are ipi, ■ ■ ■ , <pk € 51 1 (e^ f , 23) such that 

fe 

s = X^(s)e 4 , Vsefi^e^). 

Let P be the principal homomorphism of V. For alH G {1, • • • , fc} we define dj = P(ej) G 
23 and Wj G fi^M,®) by cj;(A) = V x ei, VA G A". It follows from the properties of 23- 
pseudoconnections that V = Yh=i V^' d '^'\ □ 
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For k = 1 the above proposition gives the follovving example. 

Example 3.2. Let e\ { be the trivial line bundle over M. As fi°(e]^-) is canonically isomorphic 
to C°°{M) every D-pseudoconnection V of e]^ has the form 

Vxf = X(f) -A + f- u(X), V(X, f)eXx C°°(M), 

for some A G D and some iv : f2 1 (M, D). 

Therc is a wcll known method to construct ordinary connections called pullback. Let us 
pcrform it but for 2)-pscudoconncctions, the only difference being the target module D. 

First we recall some basic definitions. A bundle map between vector bundles LT : £ — > M 
and LT : £ — >• M over diffcrentiable manifolds M and M respectively is a C°° map F : £ — > £ 
which carries each vector space £ p isomorphically onto onc of the vector spaces £p. Note that 
F induces two C°° maps / : M -> M, f(p) = p, and F» : — > F* s = s, whcrc for 

ali s e the section se is the unique one satisfying 

F(s(p)) = s(f(p)), VpeM. 

We shall assume hereafter that the induced map / above is a diffeomorphism for ali bundle 
map F. With this assumption we have that the induced map F* satisfies 

F*(<ps) = {<p o f-^F.s, Vs e n°(0, Vvj e C°°(M). 

The basic example comes from the derivative Df : TM — > TM of a C°° diffeomorphism 
/ : M — > M. In such a case we write /* instead of (-D/)* for simplicity. 

Now, let F : £ — > £ be a bundle map between vector bundles £, £ over M and M respectively. 
Let I> : 2) -> 2) be a map from a C°°(M) module S into a C°°(M) module 2). Given positive 

intcgers fc, t and a map 21 : A" x • • • x X x x • • • x -> 2) we define the pullback of 21 

«nder (F,¥) as the map (F, $)*(») : Af x ■•• x^xfi^x - ( - x -> 2) dcfincd by 

(F$)*(2l)(X l7 ... ,X fc ,«i,--- ,s t ) = $(2l(/*X 1 ,--- ,f.X k ,F. 8l ,--- ,F*s t ), 

for ali Xi, • • • X fe e Af and si, • • • , a t G 

With these notations and definitions we have the following 

Proposition 3.3. If $ above satisfies 

(Pl): $(di +<*2) = $(di) + j>(rf 2 ) L 

(P2): $((y> o /-i)di) = ^(di), Vdi, d 2 e 2), e C°°(M) 7 

t/ien i/ie pullback (F, <&)*(V) o/ a 'D-pseudoconnection V urei/i principal homomorphism P of £ 
is a D-pseudoconnection with principal homomorphism F = $ o P o F, 

Proof. We see clearly that (F, $)*(V) is R-linear. Moreover, 

= $((po_/- 1 )V / . JC F,*) 

= • $(V/,xF,s) 

and _ _ _ _ 

(F,$)*(V)x(^s) = £(V/, x F t W) 

= £(V/.(^)( V o/-_i)-F.a) 

- $((Xfo>)_o f 1 ) • P(F*s) + fo> o • V/.^^a) 

= X(< / ?)$(P(F* s )) + ^$(V/;xF, s ) 

= X( l p)P(s) + l p-(F^r(V) x s 
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for ali (X, s) e X(M) x and ali <p G C°°(M). 

So, (F, $)*(V) is a 23-pseudoconnection with principal homomorphism P. □ 

3.2. A curvature for S-pseudoconnections. The curvature of an ordinary connection V of 
a vector bundle £ over a manifold M is defined in classical geometry as the map R : X x A x 

-> n°(o, 

(8) fi(JC,F)s = VxVys-VyV^s- V [x ,r]S, V(I,r,s)e^xZxH ö (Ö. 

It follows that i? is a tensor field (i.e. C°° (M)-linear in its three variables) which is skew- 
syrrrmetric in the first two variables and satisfies the Bianchi inequality whenever £ = TM and 
V is torsion free. This curvature was extended to ordinary pseudoconnections in [2] by setting 

R(X,Y)s = VxVy(Ps) - VyVx(Ps) - VxP(Vys) + FV x V r s+ 

VyP(V xS ) - PV Y Vxs - P (V [x ,y]P(s)) , V(X, y, s) e A" x X x 
where P is the principal homomorphism of V. We would like to extend it to 2)-pseudoconnection, 
but, unfortunately, expressions like V^Vy(Ps) (say) are meaningless for arbitrary modules D. 
Here we define a curvature for certain S-pseudoconnections depending on the module S . To 

dcfine it we fix differentiable manifold M and an integer k > 1. Define 2) fc (M) as the set of ali 

(fc) 

maps from d : X x ■ ■ • x X —> C°°(M). This set is clearly a C°°(M)-module if equipped with 
the standard sum and the multiplication 

(<pd)(x u --- ,x k )=<pd(x 1 ,--- ,x k ), vXi,--- ,x k e x {M), v<p e c™ (M). 

Given X e X and d G S fe (M) we define X(d) e D k (M) by 

X(d)(X!,--- ,X k )=X(d(X u --- ,X k )), VXi,--- ,X fe e A\ 

Definition 3.4. TTie curvature o/ a T) k (M)-pseudoconnection V o/ a vector bundle £ over M 
zs i/ie map P : A" x A" x fi°(£) -> D k (M) defined by 

R(X, Y)s = X(V y s) - F(V x s) - Vlx.y]*, V(X, F, s) e A x A x n°(f). 

Sometimes we uirite P v to indicate dependence on V. 

This definition has both advantages and disadvantages if compared with that in [2]. For it 
is simpler than [2J, but, unfortunately, the curvature under such a definition is not a tensor in 
the third variable and never vanishes in the 2-Riemannian case (see Corollarv l4.ip . 

Example 3.5. A straightforuiard computation shouis that the curvature of the fundamental 
D k (M)-pseudoconnection V^ ,d ' w ' of £ defined in Ffy is 

R v V ' ' = (oja — oS) o dtp + ip ■ dui, 

uihere: 

• uj d G il 1 (^D k (M)) is the evaluation 1-form Lo d (X) = X{d); 

• du : X x X — > D k (M) is the differential of u, 

duj(X, Y) = X(oj(Y)) - Y(u(X)) - u([X, F]), 

and 

• dtp : X x X x f2°(£) — > A" is defined by 

dp {x ,Y)S = Y(tp(s))X - X(tp(s))Y. 

We can use this formula together with Proposition \3.1\ in order to compute the curvature of 
every '£) k (M)-pseudoconnection of the trivial bundle e k M . 
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Next we state some properties of the aforementioned curvature. First observe that given 
/ G C°°(M) we can apply the differential df to any pair of vector fields (X, Y) G X x X by 
defming 

(9) df(X,Y) = df(Y)X~df(X)Y 

From this we obtain a map df : X x X — > X which is clearly a A^valued 2-form. 

We can extend © to include P : Sl°(g) -> D k (M) yielding OP : X x n°(£) -> D k (M) defined 

by 

(10) dP x s = X(P(s)), V(X,s)eXxQ {0- 

Thus, for every S) fc (M)-pseudoconnection V with principal homomorphism P of £ we can dcfinc 
the C°°(M)-bilinear map <9V : X x -> £> fc (Af) by 

dV = dP- V. 

Denote by 33§(M) the submodule of D k (M) consisting of those d G D k (M) which are 
C°°(M)-linear in the first variable. Note that ®l(M) = 1 (M). The proof of the theorem 
below follows from straightforward computations which are left to the reader. 

Theorem 3.6. The curvature R of a T)q(M) -pseudoconnection V of £ has the follouiing prop- 
erties for ali (X,Y,Z,s) G X x X x X x and f eC°°(M). 

(1) R is M.-trilinear. 

(2) R(X,Y)s = -R(Y,X)s. 

(3) R{f-X,Y)s = f-R(X,Y)s. 

(4) R{X, Y)(f ■ s) = dV(df(X, Y), s) + / ■ F)s. 

(5) If £ = TM and V is torsion free, then 

R(X, Y)Z + R(Y, Z)X + R(Z, X)Y = 



öv(x, + öv(y, [z,x]) + sv(z, [x,y]). 

The first three properties listed above are the usual ones of the classical curvature tensor. 
The fourth one says that our curvature although not C°° (M)-linear in the third variable behaves 
like a pseudoconnection with principal part <9V in such a variable. The last property is nothing 
but a version of the classical Bianchi identity in Riemannian geometry. 

Now we explain how the curvature is modified by pullbacks. 

Proposition 3.7. Let F : £ — > £ be a bundle map betuieen vector bundles £ and £ over differen- 
tiable manifolds M and M respectively. Consider a map $ : D k (M) — > T> k (M) satisfying (Pl) 
and (P2) of Provosition [373\ and also the follouiing additional property, 

(P3): X($(d)) = ¥(/*Jf(d)) for ali (X,d) G X(M) x D k (M), uihere f : M ^ M is the 
diffeomorphism induced by F in the base manifolds. 

Then, for ali D k (M) -pseudoconnection V of £ the curvature i? v of V and the curvature 
R (F,S)*(V) f the puuhat (F,¥)*(V) satisfy 



R (F,l£)*<y) = (F,$)*(i? v ). 
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Proof. This can be shown by a direct computation. Indeed, 

R(m'(y)( X ,Y)s = X((F,¥)*(V)ys) - Y((F,$)*(V) x s) - (F,$)*(V) [x , Y] s) 



(P3) 

(Pl) 



A-(*(V/.yF«s)) - y($(V /tX F,i)) - ^(V/.^.yjF.a) 
$(/ t X(V/,yF t5 )) - $(/,y(V/, x F tS )) - f (V [/ ,x,/,y ] F t s) 
$(/ t I(V/,yF t s) - /*Y(V/,xF*s) - 
$(Pj(f*XJ*Y)F*s) 
(F,$)*(i?V)(x,F) s . 



□ 



3.3. Symmetry and compatibility. Fix a differentiable manifold M and an integer k > 1. 
A 2) fe (M)-pseudoconnection V of TA'/ is compatible with a homomorphism P : <Y — > 2) fc (M) if 

xp(y)(x lr -- ,x fe ) =v x r(Xi,- ,i,) + Vxii(F,i 2l ...,i t ), 

for ali X,Y,X lr - ,X k eX. 

A QQ{M)-pseudoconnection is compatible only with its own principal homomorphism. In- 
deed, suppose that V is a £)Q(M)-pseudoconnection compatible with a homomorphism P. 
Take X, Y, Z e X and / e C°°(M). 

On the one hand, as V is compatible with P we have 

V x fY(X u --- ,X k ) + V x X 1 (fY,X 2 ,--- ,X k ) = XP(fY)(X u --- ,X k ) 

= X(fP(Y)(X lr -- ,X k )) 
= X(f)P(Y)(X lr -- ,X k )+ 

fXP(Y)(X lr -- ,X k ) 
= X(f)P(Y)(X lr -- ,X k ) + 
fVxY(X u --- ,X k )+ 
fV x Xi(Y,X 2 ,--- ,X k ). 

On the other hand, if P v is the principal homomorphism of V, thcn 

VxfY(X u --- ,X k ) + V x X 1 (fY,X 2 ,--- ,X k ) = X(/)P V (F)(X 1; --- ,X k )+ 

fV x Y(X lr -- ,X k )+ 
fV x X 1 (Y,X 2 ,--- ,X k ). 

Then, 

X(f)P{Y){X u --- ,X k )=X(f)P w (Y){X 1 ,--- ,X k ),VX,Y,X lr -- , X k e X, tp G C°°(M), 

so we have P = P v . It is by this reason that, in the case of £>§(M)-pseudoconnections V of 
TM, we shall say that V is compatible without any rcfcrcncc to the homomorphism P. 
On the other hand, a homomorphism P : X — > T) k (M) is symmetric if 

ppO(x 1; --- ,x fe ) = p(x 1 )(x,x 2 ,--- ,x fe ), \/x,x u --- ,x k ex. 

Every homomorphism P compatible with a £> fc (M)-pseudoconnection V of TM is symmetric. 
For if X, Xx, ■ ■ ■ , X k , Y e X then 

YP(X)(X lr -- ,X k ) = V Y X(X U --- ,X k ) + V Y X 1 (X,X 2 ,--- ,X k ) 
= V Y X 1 (X,X 2 ,--- ,X k ) + V Y X(X 1 ,--- ,X k ) 
= YP(X 1 )(X,X 2 ,--- ,X k ) 



2-RIEMANNIAN MANIFOLDS 



13 



and so YP(X)(X ir ■ ■ ,X k ) = YP(Xx)[X, X 2 ,--- , X k ) therefore P is symmetric since X, X u ■ ■ ■ , X k , Y e 
X are arbitrary. In particular, the principal homomorphism of a compatible 35g (M)-pseudoconnection 
of TM is symmetric. The converse is true also due to the following version of the classical Levi- 
Civita Theorem in Riemannian geometry. 

Proposition 3.8. Every symmetric homomorphism P : X — > Dq(M) is the principal homo- 
morphism of a unique torsion free compatible ®q (M) -pseudoconnection of TM. 

Proof. The proof is similar to that of the Levi-Civita Theorem [5] except that here we ignore 
the vector field components (X 2 , ■ ■ ■ ,X k ) of (Xx, • • • , X k ). More precisely, the hypotheses of 
the proposition imply that if the desired pseudoconnection V p exists then it must satisfy 

V£Y(Xi,»- ,X k ) = ^{XP(Y)(X 1 , • • • , X k ) + YP(X 1 )(X, X 2 , ■ ■ ■ ,X k )- 

X 1 P(X)(Y,X 2 ,--- ,X k )+P{[X,Y])(X 1 ,--- ,X k )+ 
P([X 1 ,X])(Y,X 2 ,--- ,X k )-P([Y,X 1 ])(X,X 2 ,--- ,X k )}, 
for ali X, X±, ■■■ ,Xk,Y e X. It is straightforward to check that such a V p satisfies the 
properties required in the proposition. □ 

In the particular case of type (2, 0) symmetric tensor fields h on M we have the following 
example. 

Example 3.9. Every type (2, 0) tensor field h of M induces a homomorphism P h : X — > 
Q}{M), P h {X){Y) = h(X,Y) for ali X,Y G X. If h is symmetric then P h does hence, by 
Provosition \3.8[ there is a unique torsion free compatible SI 1 {M) -pseudoconnection V ft of TM 
with principal homomorphism P h (note that ^(M) = 1)q(M)). 

We shall use this example later to motivate the definition of the 2-Ricmannian pseudocon- 
nection associated to a 2-Riemannian metric. 

3.4. Remarks on S-pseudoconnections with zero curvature. The following result char- 
acterizes the 2)Q'(M)-pseudoconnections with zero curvature map and prescribed principal ho- 
momorphism. Let £ be a vector bundle over a differentiable manifold M and let k be an integer 
greater than 1. 

Theorem 3.10. For every homomorphism P : f2°(£) — > £>g(M) the differential dP of P in U0\) 

is the unique 33§ (M) -pseudoconnection of £ with zero curvature and principal homomorphism 
P. 

Proof. It is not difficult to prove that dP is a S>Q(Af)-pseudoconnection with principal homo- 
morphism P of £. On the other hand, for ali X,Y e X, d,d' e D k (M) and (p G C°°(M) one 
has 

• (X + Y)d = X(d) + Y(d) and X(d + d') = X(d) + X(d'); 

• X(cp ■ d) = X(cp) -d + <p- X(d); 

. [X,Y](d) = X(Y(d)) -Y(X(d)). 

So, 

X{dP Y s)-Y(dP x s) = X{Y{P{s)))-Y{X{P{s))) 
= [X,Y](P(sj) 

= dP [x ^ Y ]S, V(X, Y, s) G X x X x 
Therefore dP has zero curvature map. 

Now suppose that V is another 35 § iM )-pseudoconnection of ^ with both zero curvature and 
principal homomorphism P. Then we have 

dV{df{X,Y),s) = 0, V(X,Y,s) e X x X x fi (£),V/ e C°°{M) 
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by Theorem 13.61 (4). But df : X x X — > X is onto when restricted to any coordinate neighbor- 
hood of M . As 9V is a tensor we conclude that ÖV = which is equivalent to V = dP. □ 

Example 3.11. Consider the fundamentalD k (M)-pseudoconnectionV( ip ' d ' u ' d ^ ivhere <p G 1 (^,S fc (M)) 
and ujd is the evaluation form associated to d G H) k (M) (see Examvle \3.5)) . Such a T) k (M)- 
pseudoconnection has zero curvature since uj d is exact (i.e. has zero differential) for ali d G 
D k (M). Therefore ^(<P,d,u d ) = gpV^' ä ^) by T h eorem ^j^ Th is i ast identity can be proved 
also voith a direct computation. 

Related to this example we have the following corollary. 

Corollary 3.12. The fundamental D k (M)-pseudoconnection V^'^ of £ has zero curvature 
if and only if ip ■ co — tp ■ ui d . 

Proof. If tp ■ u> = ip ■ w d , then 

v (v,d,w) =dLp-d + <p-uj = d<p-d + Lp-uj d = V (v ' d ^ d) 

thus X/(y,d,u) zer0 curv ature by Example 13.111 

Conversely, if V^ Aw > has zero curvature then = QpV^' d '^ by TheoremEÄÖl As 

d(ip-d) =dip-d + tp-Lo d for ali ((p,d) G Q 1 ^, C*°°(Af)) x D k (M) we have V^' d <") = dip-d+ip-u>d 
since P v(v ' ' ' = <p ■ d. But V^'^") = d(p ■ d + (p ■ ui by definition, so ip ■ ui = ip ■ uid- □ 

Another corollary is the following. 
Corollary 3.13. V = is the unique compatible Td\(M}-pseudoconnection with zero curvature 

on. 

Proof. Lct V be a 23g(M)-pseudoconnection of £ with zero curvature. By Theorem 13.101 we 
have that if P is the principal homomorphism of V then 

V X Y = X(P(Y)), \/X, Y € X. 

Thus, if V were compatibility we would have 

v x y(ii,- ,x k ) = xp{y){x u --- ,x k ) 

= V x y(AV-- ,X k )+V x X 1 (Y,X 2 ,--- ,X k ). 
Therefore V x Xi(Y, X 2 , ■ ■ ■ , X k ) = for ali X,X X , ■ ■ ■ ,X k ,Y € X so V = 0. □ 

3.5. The Koszul derivative. There are cases where a S)-pseudoconnection V with principal 
homomorphism P of a vector bundles £ over a manifold M admits a factorization, 

V = PoD 1 

for some map D : X x X — > X. In such a case we shall say that D is a Koszul derivative of 
V. This definition can be found in [15j but when £> = Q 1 (M) and P has the form P(X)(Y) = 
Y) for some map $ : X x X -> C°°(M). 

Example 3.14. ^4 S) -pseudoconnection V of the trivial line bundle e x M has Koszul derivatives 
if and only if there are r G fi (Af) and A G £> swc/i that 

V x f = + / ■ 7-pO) • A, V(A, /) G A" x 0°(e^). 

/n smc/i a case there is a unique Koszul derivative D : X x fl (e\,j) — > fl (e\,j) defined by 
D x f = X(f) + f- T (X). 
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Let us prove the above assertion. If V has the desired form then P(f) = /• A is its principal 
homomorphism hence D as above is a Koszul derivative of V. Conversely, suppose that V has 
a Koszul derivative D. We know from Example 13.21 that V has the form, 

V x f = X{f)-A + f-u{X), 

for some A <E 33 and some 33-valued 1-form ui : X — > 33. In such a case P(f) = f A is the 
principal homomorphism of V which is clearly injective since C°°(M) is an unitary ring. Set 
t{X) = Dxl where 1 here is the constant mapp H> 1. As P is injective we have that r G il 1 (M). 
The following computation 

t{X) ■ A = P{t{X)) = P(D X 1) = Vjcl = ■ A + 1 • ui(X) = w(X) 

shows that ui(X) = r(X) ■ A. Replacing in the expression of V above we get the desired form 
for V. 

Example 3.15. In Example \3.14\ if D has tui o distinct elements d\,d 2 and ui G J7 1 (M) is 
non-zero, then V : X x Q°(e\ 1 ) — > 33 defined by V xf = X(f) ■ di + f ■ ui(X) ■ d 2 is a 33- 
pseudoconnection of e x M without Koszul derivatives. 

These examples motivate the question whether Koszul derivatives exist for a given pseu- 
doconnection V. Obviously a necessary condition for the existence of such a derivative is 
that im(V) C Im(P), where Im(-) stands for the image operator. It is also obvious that 
im(V) C Im{P) is a sufEcient condition when P is injective and, in such a case, D = P^ 1 o V 
is the unique Koszul derivative of V. However it may happen not only that Jm(V) (£ Im(P) 
but also that Im(V) D Im(P) = {0} (see for instance Theorem 14. 13[) . Ali of this show the 
relationship between existence of Koszul derivatives and the injectivity of the principal homo- 
morphism. Let us give two short results exploring further such a relation. Hereafter we denote 
by Ker(-) the kernel operation. 

Proposition 3.16. If D is a Koszul derivative of a pseudoconnection with principal homomor- 
phism P of a vector bundle £ over M , then Dx+ys — D x s — Dys, Dfxs — fDxs, Dx(s + s') — 
D x - D x s', Dx(fs) - X(f)s - f D x s G Ker(P) for ali X, Y e X, s, s' e n°(0, / e C°°(M). 
In particular, if P is injective, then D is not only unique but also an ordinary connection of !;. 

Proposition 3.17. Every pseudoconnection of TM having a unique Koszul derivative has injec- 
tive principal homomorphism. In particular, such a Koszul derivative is an ordinary connection 
of TM. 

Proof. Let V be a pseudoconnection of TM having a unique Koszul derivative D. If P is 
the principal homomorphism and T : X x X — > Ker(P) is C°°(M)-bilinear, then P(DxY + 
T{X, Y)) = V X Y, for ali X, Y e X. Therefore D + T is also a Koszul derivative of V, and so, 
T = by the uniqueness. Now, let Z S Ker(P) and h be a Riemannian metric of AI. Then, 
T defined by T{X,Y) = h(X,Y) ■ Z, VA,F e X, is C°° (M)-bilinear with values in Ker{P). 
Then, T = and so Z = 0. Therefore Ker(P) = and so P is injective. □ 

Now suppose that V is a compatible S3 fe (M)-pseudoconnection of TM with injective principal 
homomorphism P. Suppose in addition that V has a Koszul derivative 9. It follows that 9 is 
an ordinary connection of TM hence 9 has a curvature tensor R e defined in ([5]) . Let us express 
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the curvature of V, i? v , as a function of R e : 

i? v (x,r)z(x 1 ,--. ,x k ) = x(v Y z(x u --- ,,x k ))- 

Y{V X Z{X U --- ,,X fe ))-V [x ,r]^i,--- ,X k ) 
= X(P(0 Y Z)(X lr -- ,,X k ))- 

Y(P(9 X Z)(X U --- ,,X k ))- 

V[x,Y]Z(Xi, ■ ■ ■ ,X k ) 
= {VxöyZ- VyöxZ- V [x . Y ]Z)(X lr -- ,X k )+ 

VxX 1 {9 Y Z,X 2 ,--- ,X k )- 

y Y X 1 (6xZ,X 2 ,--- ,X k ) 
= P{0xQyZ — QyOxZ — 6[x,y]Z){Xi,- ■ ■ ,X k )+ 

V x Xi(0yZ,X 2 ,--- ,X k )- 

VyXi(ÖxZ, X 2 , ■ ■ ■ ,X k ) 

thus we get the formula 

R V (X,Y)Z{X U --- ,X k ) = P(R e (X,Y)Z)(X 1 ,--- ,X k )+ 

v x x 1 (e Y z,x 2 ,--- ,x k )-v Y x 1 {e x z.x 2 ,--- ,X k ), VX,X t ,--- ,X k ,Y,ZeX. 

Let us apply it to the situation described in Example 13.91 Indeed, let h be a Riemannian 
metric of M which is a type (2, 0) symmetric nondegenerate positive definite tensor field of 
M. Hence there is a unique torsion free compatible J7 1 (M)-pseudoconnection of TM with 
principal homomorphism P h . As h is a Riemannian metric we have that P h is an isomorphism 
hence \7 h has a unique Koszul derivative 9 h (this is nothing but the Riemannian connection 
of h). By the above formula the curvatures R v and R h = R e of S7 h and h respectively are 
related by 

R vh {X, Y)Z(W) = h(R h (X, Y)Z, W) + h(9 x W, 9 Y Z) - h(6 Y W, 6 X Z), 
VX,Y,Z,W e X. 



4. The 2-Riemannian pseudoconnection and curvature 

Motivated by the homomorphism P h in Example l3.9l we associate to every 2-Riemannian metric 
g a map P 9 : X -> Dg (Af) defined by 

P9(X)(Y,Z)=g(X,Y/Z). 

It follows from the definition of 2-inner products that P 9 is symmetric. So, by Proposition l3.8l 
there is a unique torsion free compatible Dq(M )-pseudoconnection V 9 of TM with principal 
homomorphism P 9 . Such a V 9 will be refereed to as the 2-Riemannian pseudoconnection of g. 
For later application we quote the formula of V 9 : 

(11) V^y(Z, W) = l -{Xg{Y, Z/W) + Yg(Z, X/W) - Zg(X, Y/W) + 

g([X, Y],Z/W) + g([Z, X],Y/W) - g([Y, Z],X/W)}, 
for ali X, Y,Z,W<E X. 

By a 2-Riemannian pseudoconnection we mean a pseudoconnection equals to V 9 for some 
2-Riemannian metric g. The curvature of a 2-Riemannian metric g is the curvature map of V 9 . 

Corollary 4.1. Every 2-Riemannian metric has non zero curvature. 

Proof. This follows from Corollary 13.131 since every 2-Riemannian pseudoconnection is non- 
zero. □ 
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4.1. Invariance by 2-isometries. In this subsection we obtain a 2-Riemannian version of the 
classical invariance by isometries of the Riemannian connection and curvature |16) . 

Consider a diffeomorphism f : M M between differentiable manifolds M and M. Then, 
the derivative Df : TM — > TM is a bundle map with induced map / on the base manifolds M 
and M. In such a case we have the notation (£>/)* = /*. On the other hand, / induces for ali 
integer k > 1 a natural map $/ : D k (M) — !• D k (M) defined by 

l/(3)(*i,--- ,x k ) = d(f*x u >>- j*x k )of, 

VXi, ■■■ ,X k e X(M) ,Vd e S (M). It is not difficult to sec that ¥/ satisfies (Pl) and (P2) in 
Proposition 13. 31 Moreover, as 



x(<f> f (d))(x lr -- ,x k ) = x{* f (d)(Xi,..-,x k )) 

= X(d(f.X lr .. J*X k )of) 

= ux{d{ux x ,--- j*x k ))of 

= f*X(d)(f t X u --- JM o f 

= <S> f (f*X(d))(X u --- ,X k ), VXt, ■■ ■ ,x k e X(M) 

one has that <&/ satisfies (P3) in Proposition 13 . 71 too. 

Now suppose that there are 2-Riemannian metrics g and g in M and M respectively so that 
/ : M —> M is a 2-isometry. Denote by V 9 and V 9 the 2-Riemannian pseudoconnections of g 
and g respectively. As <&/ above satisfies (Pl) and (P2) we have for k — 2 that the pullback 
(£>/,¥/)* (V 5 ) is a well defined ©§(M)-pseudoconnection oi TM. Indeed we have the following 

Proposition 4.2. (Df,$ f )* (V 9 ) = V s . 

Proof. It follows from Proposition l3 . 3l that the principal homomorphism p( D f>®f ) ( v9 ) of (Df, <&/)* (V 9 ) 
is ¥/ oP'o/„ Then, 

p( D /.*/)*(V r )(x) = % f (pB(f,X)), VX e A-(M) 

and so 

= g{f*X,UY/UZ)of, VX,Y,ZeX(M). 

But / is a 2-isometry so 

/,y//.z) o / = y/z) = p ff (x)(y z), vx, y z e x(m). 

Replacing above we get 

p{Df,<5 f r(v°) = pg 

Next we observe that 

(Df,$y(v 9 ) x Y~(Df^y(v 9 ) Y x = */(v£ x /J0-*/(vJ. y /**) 

= */(vf,*/*y-v^/*x) 

= $/(ps([/*x,/*y])), vx,y e *(M) 

since V 5 is torsion free. So, 

((Ö/,?)*(VV-W,$)*(VV)(2,^) - p9([/*x,/*y])(/*z,/*w>/ 

= g{[UX,UYlUZ/UW)of 
= g([X,Y],Z/W) 
= P 9 ([X,Y])(Z,W) 

= p( D ^*/)*( V9 )([x,y])(z,iy), 

for ali X,Y,Z,W E X(M). Consequently (£»/,$) *(V») is torsion free. 
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On the other hand, we have that V 9 is compatible so 

f m X(P*(f m Y)(J m Z, UW)) = V} mX f z Y(f*Z, UW) + V\ x f*Z{f*Y, f m W) 

= (®f(V} rX f*Y)(Z,W)+ ' 

$ f (V% x f*Z)(Y,W))of-i 
= ((Df,$ f )*(V_9)xY(Z,W)+ 

(Df,<S> f )*(V 9 ) x Z(Y,W))of-\ 

Hence 

UX{PS{UY){UZ,UW)) o / = (Df,<P f )*(V 9 ) x Y(Z,W)+ 
(Df,$ f )*(V 9 ) x Z(Y,W) 

for ali X, Y,Z,W G X(M). But 

f.X(P?(UY)(f.Z,UW))of = XP 9 (Y)_(Z,W) 

= XP < - D f^fy^ 9) (Y)(Z,W) 

for ali X, Y,Z,W G A" (Af). Replacing above we get 

Xp(c/,5/)*(v J )( y )( Z] W ) = (Df^ f )*{W) x Y(Z,W) + (D f ,~<f> f)* (V^) x Z (Y, W), 

for ali X, Y,Z,W G X(M). Therefore (£>/,¥/)* (V 9 ) is compatible. It follows that (£>/,¥/)* (V 9 ) = 
V 9 by the uniqueness of the 2-Riemannian pseudoconnection (see Proposition l3.8|) . □ 

Corollary 4.3. TTie curvatures R 9 and R 9 of g and g respectively are related by 

R 9 (X, Y)Z(W, T) = R 9 (f*X, f,Y)UZ{UW, f*T) o /, VX, Y, Z,W,T G X(M). 

Proof. This is a direct computation using propositions 14.21 and 13.71 

R 9 (X,Y)Z(W,T) = R( D f^fy(y r )(X,Y)Z(W,T) 

= ((Df,$fy(R V3 )(X,Y)Z)(W,T) 
= <S> L (R 9 (f*XJ*Y)f*Z)(W,T) 
= R 9 (f*X, f t Y)f.Z(f t W, f.T) o /. 

□ 

4.2. Non-existence of Koszul derivatives I. In this subsection we shall prove that every 2- 
Riemannian pseudoconnection is Koszul derivative free. The proof will involve some auxiliary 
definitions and notations. Let (M, g) be a 2-Riemannian manifold. We say that X G X is 
stationary (with respect to g) if 

Xg(Y, Z/X) = g([X, Y],Z/X) + g(Y, [X, Z]/X), VT, Z e X. 

Remark 4.4. X G X is stationary with respect to g if and only if 

Xg(Y, Y/X) = 2g([X, Y],Y/X), VY G X. 

The name "stationary" is motivated by the fact that if X is non-singular stationary, then 
the map (u,v) G TM — > g p (u,v/X(p)) defines a stationary semi-Riemannian metric of M in 
the sense of Definition 3.1.3 p. 41 in |15j . 

On the other hand, a homomorphism P : X — > Cl (M) is stationary if 

XP(Y)(Z) = P([X, Y])(Z) + P(Y)([X, Z}), V(X, Y, Z) G Ker(P) x X x X. 

This definition is also motivated by |15j . 

Stationary vector fields and homomorphisms are related via the following lemma. 
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Lemma 4.5. X G X is stationary with respect to g if and only if the homomorphism of 
C°°{M)-modules P x : X -> SI 1 (Af) does, where 

P X (Y)(Z) = g(Y, Z/X), W, ZeX. 

Proof. By Lemma 12.21 (1) we have X G Ker(P x ) therefore X is stationary if P x does. 
Conversely, suppose that X is stationary. To prove that P x also does it suffices to prove 
YP X (Z){Z) = 2P X {[Y, Z])(Z), V(Y, Z) G Ker{P x ) x X or, equivalently, 

Yg(Z, Z/X) = 2g([Y, Z], Z/X), V(Y, Z) G Ker(P x ) x X . 

With this in mind we fix (Y, Z) G Ker(P x ) x A\ Obviously we only have to check the above 
identity in Mq, the complement of the closure of the interior of the set zeroes of X and Y. As 
Y G Ker(P x ) Definition [O (1) implies that there is f G C°°(M ) such that Y = / X in M . 
But X is stationary, so we have in Mq that 

Yg{Z,Z/X) = f Q Xg(Z,Z/X) 

= 2f g([X,Z],Z/X) 

= 2g([f X,Z],Z/X) 

= 2g([Y,Z],Z/X) 

and the proof follows. □ 

Lemma 4.6. // a torsion free compatible fl 1 (AI)-pseudoconnection of TM has a Koszul deriv- 
ative, then its principal homomorphism is stationary. 

Proof. Let V be a torsion free compatible ri 1 (M)-pseudoconnection with principal homomor- 
phism P. We have that P is symmetric since V is compatible. Therefore, 

XP(Y)(Z) = V X Y(Z) + V X Z(Y) 

= V Y X(Z) + V Z X(Y) + P([X, Y])(Z) + P([X, Z])(Y) 
= Y(P(X)(Zj) + Z(P(X){Yj) - V Y Z{X) - V Z Y(X) + 
P([X,Y})(Z) + P([X,Z])(Y) 

proving 

(12) XP(Y)(Z) - P([X, Y])(Z) - P(Y)([X, Z\) = YP(X)(Z) + ZP(X)(Y)- 

VyZ{X)-V z Y{X), 

for ali X,Y,Z G X. 

Now suppose that V has a Koszul derivative D. If X G Ker(P) then P(X) — and so 
V Y Z{X) = P(D Y Z)(X) = P{X){D Y Z) = 0. 
It follows that P is stationary by (fT2")l . □ 

Now we state an auxiliary lemma. 

Lemma 4.7. For every 2-Riemannian metric g in M the map 2U : X x X x X — > C°°{M) 
defined by 

W(X, Y, Z) = g([Z, X\,Y/Z) + g(X, [Z, Y\/Z) - Zg(X, Y/Z), VX, Y, Z G X 

satisfies the follouiing properties: 

(1) X is stationary for g if and only ifW{Y, Y, X) — for ali Y G X . 

(2) IfX,Y,Z G X and Lp G C°°{M), then 

20(X, Y, ipZ) = ip 3 W(X, Y, Z) - ipZ(tp 2 )g{X, Y/Z). 
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Proof. The first part follows directly from the definition of stationary vector field. The second 
one is a direct computation, 

W(X, Y, ipZ) = g([<pZ, X],Y/cpZ) + g(X, [<pZ, Y]/<pZ) - (ipZ)g(X, Y/cpZ) 
= <p 2 g{-X(<p)Z + v[Z.X].Y/Z)+ 

<p 2 g(X, -Y(<p)Z + <p[Z, Y]/Z) - <p ■ Z[<?g{X, Y/Z)) 
= vHgdZ, X].Y/Z) + g(X, [Z, Y]/Z)) - ^ ■ Zg(X, Y/Z)- 

<p-Z& 2 )-g(X,Y/Z) 
= ^W{X, Y, Z) - <pZ(<p 2 )g(X, Y/Z). 

□ 



Lemma 4.8. For every non zero vector field X € X the orhit C°°(M) ■ X of X under the 
natural action C°° (M) x X — > X contains at least one non stationary vector field with respect 
to g. 

Proof. Suppose that there is a non zero vector field X such that (pX is stationary for ali 
ip G C°°(M). Then, 

w(Y, y, <px) = o, vr e x,v<p e c°°(M), 

by Lemma [4771 - (1) and so 

ipX(tp 2 )g(Y,Y/X) = 0, Vy G X,V<pe C°°(M) 

by Lemma \A. 71 (2). From this it follows that (pX(tp 2 ) vanishes outside the set of zeroes of X, 
for ali (p. But (pX(ip 2 ) also vanishes in the set of zeroes of X. Therefore 

<pX((p 2 ) = o, v^er(M). 

From this we obtain X = which is absurd by hypothesis. This contradiction proves the 
result. □ 



Now we can state the main result of this subsection. 

Theorem 4.9. The 2-Riemannian pseudoconnections have no Koszul derivatives. 

Proof. Suppose that there is a 2-Riemannian manifold (M, g) whose 2-Riemannian pseudocon- 
nection V = V 9 has a Koszul derivative D. For ali X e X we define V x : X x X -> ^(M) 

by 

v$z(w) = v Y z{w,x), yY,zex. 

Then, V x is a torsion free compatible r2 1 (M)-pseudoconnection of TM with principal homo- 
morphism P x as in Lemma 14.51 But 

P X {D Y Z)(W) = g{D Y Z,W/X) 
= P(D Y Z)(W,X) 
= V Y Z(W,X) 

= Vy~Z{W) 

where P = P 9 above is the principal homomorphism of V. So D is a Koszul derivative of V x . 
Therefore P x is stationary by Lemma l4~6l Consequently every X e X is stationary by Lemma 
14.51 which contradicts Lemma T4. 81 This finishes the proof. □ 
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4.3. Non-existence of Koszul derivatives II. In this subsection we obtain another proof 
of Theorem 14.91 based on the following observation: The target module 2) in the definition 
of S-pseudoconnection V on vector bundles £ over a manifold M is not necessarily unique. 
In fact, it may be replaced by a submodule of D containing both Jm(V) and Im(P), where 
P is the principal homomorphism of V. The best possible is S(V), the submodule of £> 
generated by Zm(V) U Im(P). There are examples where S(V) = Im(P) as in the case of the 
unique torsion free compatible i7 1 (M)-pscudoconnection of TM with principal homomorphism 
P{X)(Y) — h(X,Y) induced by a Riemannian metric h of M. Therefore, in such a case we 
have the inclusion 

im(V) C Im(P). 

The situation for 2-Riemannian pseudoconnections will be completely different as we shall prove 
in that case that 

(13) 7m(V) n Im(P) = {0}. 

To prove it we shall need some previous lemmas. Given a vector field X we denote by Sing(X) 
the set of zeroes of X. 

Observe that if X,Y € X satisfy Sing(X)U Sing(Y) = M then [X, Y] = 0. Indeed, it follows 
from the definition of [X, Y](p), 

[X,Y}(p)(<p) = X(p)(Y(<pj) - Y(p)(X(p)), e C°°(M), 

that [X, Y]{p) = if p G Sing(X) f] Sing(Y). Now suppose that p G M\ (Sing(X) n Sin{Y)). 
We can assume without loss of generality that p ^ Sing(X). As Sing(X) U Sing(Y) = M we 
have that Y vanishes not only in p but also in a neighborhood of p. Hence Y (ip) vanishes in such 
a neighborhood, for ali ip € C°°(M), therefore [X, Y](p) = for ah> e M\(Sing(X)nSing(Y)) 
thus [X,Y]=0. 

More consequences of the identity Sing(X) U SingiY) = M are given below. 

Lemma 4.10. Let (M, g) be a 2-Riemannian manifold. If X,Y G X satisfy Sing(X) U 
Sing(Y) = M , then 

g(X, Y/Z) - Xg(Y, Z/W) = g([Z, X],Y/W) = 0, VZ, W e X. 

Proof. It follows from the definition that g(X,Y/Z) = for ali Z e X whenever Sing(X) U 
Sing(Y) = M. On the other hand, Xg(Y. Z/W) clearly vanishes at Sing(X) and, since Y 
vanishes at M \ Sing(X) which is open, we obtain that Xg(Y, Z/W) vanishes in M \ Sing(X) 
as well. Hence Xg(Y, Z/W) = in M \ Sing(X) therefore Xg(Y, Z/W) = 0. 

Finally wc consider g([Z,X],Y/W) which clearly vanishes at Sing(Y). As Sing(X) U 
Sing(Y) = M we have that [Z, X] vanishes at M \ Sing(Y). Hence g([Z, X],Y/W) vanishes at 
M \ Sing(Y) as weU, so g([Z, X],Y/W) = 0. □ 

Corollary 4.11. If X,Y G X satisfy Sing(X) U Sing(Y) = M, then V X Y = for ali 2- 

Riemannian pseudoconnection V of M. 

Proof. It follows from (fTTj) that if g is the 2-Ricmannian metric associated to V, i.e., V = V 9 
then 

V X Y{Z, W) = l -{Xg{Y, Z/W) + Yg(Z, X/W) - Zg(X, Y/W)+ 

g([X, Y], Z/W) + g([Z, X],Y/W) - g([Y, Z],X/W)}, VX, Y,Z,W E X. 

Then, the result follows for the six summands in the right-hand side of the expression above 
vanish by Lemma [4.101 whenever Sing(X) U Sing(Y) — M. □ 



For the next lemma recall the auxiliary map 2U in Lemma 14.71 
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Lemma 4.12. If(M,g) is a 2-Riemannian manifold, then the follovjing properties are equiva- 
lent for ali X, Y e X: 

(LI): Sing(X) U Sing(Y) = M. 

(L2): g(X, Y/Z) = for ali Z G X. 

(L3): W{X, Y,Z)=0 for ali Z e X. 

Proof. We have that (LI) implies (L2) by Lemma T4. 101 

Let us prove that (L2) implies (LI). Suppose that X,Y E X satisfies (L2). We know by 
Lemmadl(l) that g{X,X/Y) = -g(X,Y/X + Y) so 

g(X,X/Y) = 

by taking Z = X + Y in (L2). It then follows from the definition of 2-inner product that X(p) 
and Y(p) are linearly dependent for ali p S M. Now fix p e M\Sing(Y). Since X(p) and Y(p) 
are linearly dependent there are a, b G K with a 7^ or & 7^ so that 

al(p) + 6F(p) = 0. 

Let us prove that p G Sing(X). Suppose by contradiction that p ^ Sing(X). Then, X(p) ^ 
and so b ^ for, otherwise, b — hence aX(p) — yielding a = (because X(p) 7^ 0) thus 
a = b = which contradicts the fact that a 7^ or b 7^ 0. Therefore, we can write 

y( P ) = \x(p), 

where A = -| e 1\ {0}. Replacing in (L2) evaluated at p we get 

Xg(X(p),X(p)/Z(p)) - g(X(p),Y(p)/Z(p)) = 0, 

for ali Z(p) G T P M. This necessarily implies X(p) — which contradicts X(p) 7^ 0. This 
contradiction shows that p e Sing(X). Since p e Sing(X) we have that (LI) holds. 

We have that (LI) implies (L3) for if (LI) holds, then Zg(X,Y/Z) = g{[Z,X],Y/Z) = 
g(X, [Z, Y]/Z) = by Lemma EM 

To prove that (L3) implies (L2) we see from Lemma l4~7l that if 2U(X, Y, Z) = for ali Z e X 
then 

(pZ{tp 2 )g(X,Y/Z) =0, VZ e X,y<p e C°°(M) 
which is equivalent to (L2). This proves the lemma. □ 

Now we can state the main result of this subsection. 
Theorem 4.13. The identity (13\) holds for every 2-Riemannian pseudoconnection V. 
Proof. Let g be the 2-Riemannian metric associated to V. Then, P = P 9 where 

P g (X)(Y,Z) =g(X,Y/Z), VX,Y,ZeX. 
Fix d e Im(P) n 7ro(V). Then, there are A e X and X, Y e X such that 

d = P g {Ä) and d = V x Y. 

In particular, 

d(Z, W) = ^{Xg(Y,Z/W) + Yg(Z,X/W)-Zg(X 1 Y/W) + 

g([X, Y], Z/W) + g([Z, X},Y/W) - g([Y, Z],X/W}, VZ,WeX. 
Taking Z = W above and observing that d(Z, Z) = P 9 (A){Z 1 Z) = g(A,Z/Z) = 0, VZ e X, 
we get 

= g([Z, X],Y/Z) + g(X, [Z, Y]/Z) - Zg(X, Y/Z), VZ e X. 
So X, Y satisfies (L3) in Lemma 14.121 Then, X, Y also satisfy (LI) in Lemma 14.121 and so 
VxY = by Corollarv [4.111 As d = VxY we conclude that d = hence Zm(V) H Im(P) = 
{0}. □ 
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Second proof of Theorem 14. 9t If a pseudoconnection V has a Koszul derivative, then 
it would satisfy 7m(V) C Im(P) where P is its principal homomorphism. But if V were 2- 
Riemannian then we would have /m(V) n Im(P) = {0} by Theorem 14. 131 Hence in such a case 
we would have Jm(V) = im(V) n Im(P) — {0} which implies V = 0, a contradiction. Thus V 
has no Koszul derivatives. □ 
It seems that for every 2-Riemannian pseudoconnection V there is a direct sum 33 (V) = 
Im(P) © 3(V), where 3(V) is the submodule of D generated by Im(V). 

4.4. Adapted ordinary pseudoconnections. We have seem at the beginning of SectionS] 
how to associate a Dg-pseudoconnection to any 2-Riemannian manifold (M, g). It would be 
better however to associate an ordinary pseudoconnection instead. A possible problem for such 
an association is to give a better definition of compatibility between 2-Riemannian metrics and 
ordinary pseudoconnections. The reasonable approach to obtain such a kind of compatibility 
is to compute derivatives like Xg(Y, Z/W) for arbitrary vector fields X, Y, Z,W G X. 

As a motivation we shall do it in the case when g is a simple 2-Riemannian metric generated 
by a Riemannian metric h of M. First of ali observe that 

Xg(Y,Y/Z) = X{h(Y,Y)h(Z,Z) - h 2 (Y,Z)) 

= 2h(0 x Y,Y)h(Z,Z) + 2h(0 x Z,Z)h(Y,Y)- 
2h(Y, Z)(h(0 x Y, Z) + h(6 x Z, Y)), 

where 9 is the Riemannian connection of h. Hence 

Xg(Y, Y/Z) = 2(h(6 x Y, Y)h(Z, Z) - h(Y, Z)h(0 x Y, Z))+ 
2(h(0 x Z, Z)h(Y, Y) - h(Y, Z)h(0 x Z, Y j) 
= 2g(0 x Y, Y/Z) + 2g(0 x Z, Z/Y). 

Using it we obtain both 

Xg((Y + Z,Y + Z/W) = 2g(9 x {Y + Z),Y + Z/W) + 2g(0 x W,W/Y + Z) 

= 2g(0 x Y, Y/W) + 2g{0 x Y 1 Z/W) + 2g(0 x Z, Y/W) + 
2g(0 x Z, Z/W) + 2g(9 x W, W/Y + Z) 

and 

Xg(Y + Z,Y + Z,/W) = X(g(Y,Y/W)+g(Z,Z/W) + 2g(Y,Z/W)) 

= 2g(0 x Y, Y/W) + 2g(0 x W, W/Y) + 2g(0 x Z, Z/W) 
2g(0 x W, W/Z) + 2Xg(Y, Z/W), 

for ali X,Y, Z,W <E X . Therefore, satisfies the identity 

(14) Xg(Y, Z/W) = g(9 x Y, Z/W) + g(Y, x Z/W) + g(0 x W, W/Y + Z)- 

g{9 x W, W/Y) - g(0 x W, W/Z), VX, Y,Z,W e X. 
Let us use this identity as dehnition. 



Definition 4.14. An ordinary pseudoconnection 9 of M is adapted to g if |_?^[ ) holds for ali 
X,Y,Z,W G X. 

We have then proved the following. 

Proposition 4.15. Let g be a simple 2-Riemannian metric of M generated by a Riemannian 
metric h. Then, the Riemannian connection of h is an adapted torsion- free ordinary pseudo- 
connection of g. 

Lemma 4.16. An ordinary pseudoconnection 9 of M is adapted to g if and only if Xg(Y, Y/Z) = 
2g(0 x Y, Y/Z) + 2g(9 x Z, Z/Y), VX, Y, Z G X. 
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In view of Proposition 14.151 it would be interesting to investigate existence and uniqueness 
of adapted ordinary pseudoconnections for a given 2-Riemannian metric g. In this direction 
we only have the following short result. Recall that a 2-Riemannian metric g is said to be 
conformally equivalent to another 2-Riemannian metric g if ~g~ = X ■ g for some positive map 

A e C°°{M). 

Proposition 4.17. Let g be a 2-Riemannian metric with an adapted ordinary pseudoconnection 
9. If~g = X-g is a 2-Riemannian metric conformally equivalent to g, then the map 9 : Xx X — > X 
define by 

9 x Y = 9 x Y + ^±, VX,YeX, 
is an adapted ordinary pseudoconnection of g. 

Proof. A direct computation shows that 9 is an ordinary pseudoconnection of M with the same 
principal homomorphism of 9. On the other hand, for ali X, Y, Z G X one has 

Xg(Y,Y/Z) = X(X)g(Y,Y/Z) + XXg(Y,Y/Z) 

= X(X)g(Y, Y/Z) + X(2g(9 x Y, Y/Z) + 2g(9 x Z, Z/Y)) 

= ^g(Y, Y/Z) + 2g(9 x Y, Y/Z) + g(9 x Z, Z/Y) 

= 2g(^Y + 9 x Y,Y/Z) + 2g(^Z + 9 x Z,Z/Y) 

= 2g(9 x Y, Y/Z) + 2g(9 x Z, Z/Y). 
Therefore, 9 is adapted by Lcmma[4J~6] □ 

The above proposition cannot be used to construct non-simplc 2-Riemmanian metrics with 
adapted ordinary pseudoconnections. This is because 2-Riemannian metrics conformally equiv- 
alent to simple ones are simple too. However it can be used to prove the existence of 2- 
Riemannian metrics in K 2 exhibiting two different adapted ordinary pseudoconnections. 

Indeed, consider a positive map / € C°°(IR 2 ) whose differential df : X x X — >• X as defincd 
in (J9j) is non-zero. Define the 2-Riemannian metric g — f ■ g st in M 2 and 9 : X x X — > X by 

9 X Y = e%Y+?^j±, VX,YeX, 

where 9 st is the Riemannian connection of the standard Euclidean product of M. 2 . It follows 
from Lemma 14.171 that 9 is an adapted ordinary pseudoconnection of g. 

On the other hand, g is simple since g st is. Hence, by Proposition 14.151 the Riemannian 
connection 9 of the Riemannian metric generating g is also an adapted ordinary pseudoconnec- 
tion of g. But 9 is torsion free whereas 9 is not because 9 X Y — 9yX = [X, Y] + d ^f^ , for 
ali X, Y E X. Therefore 9^9 and the result follows. Dcspite it seems possible to prove the 
uniqueness of adapted ordinary pseudoconnections but among the torsion free ones. 

The next result explains how adapted ordinary pseudoconnections can be used to computc 
2-Riemannian pseudoconnections. Its proof is a direct computation which is left to the reader. 

Proposition 4.18. If g is a 2-Riemmanian metric with an adapted torsion free ordinary con- 
nection 9 then the 2-Riemannian pseudoconnection V s of g splits as V 9 = g * 9 + il g ' e , mhere 
(g * 9) X Y(Z, W) - g(9 x Y, Z/W) and 

n x 9 Y(Z, W) = \{g{9 Z -xW, W/Y) - g(9 x+Y W, W/Z) + g(9 z _ Y W, W/X)+ 
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g(6 x W, W/Y + Z) + g(6 Y W, W/X + Z) - g(6 z W, W/X + Y)}, 
for ali X,Y,Z,W £ X. 

Let us use this proposition to compute the 2-Riemannian pseudoconnection V 9 of the stan- 
dard 2-Riemmanian metric g st in M 2 . In such a case Lemma 12.21 (2) implies g st (X, Y/Z) = 



det J- „ • det „ „ , where K = (K 1 ,K 2 ) are the coordinates of K € {X, Y, Z}. 
\Z\ Z 2 J \Zi Z 2 J 

Since the Riemannian connection of the standard metric in M 2 is given by 9xY = (X(Y±), X(Y2)) 

we get from Proposition 14. 181 the following formula for V 9 : 

V**YiZW\ - det( Zl Z A-det( X ( Yl ^ X ^ 

Md / w 1 w 2 \. de Jx( Wl ) X(W 2 ) 

+ 2 ^[y. + Z, Y 2 + Z 2 J aCl \Y 1 + Z 1 Y 2 + Z 2 

detl Wl W * )-det( Y{Wl) Y(W2) 

K X\ + Z\ X 2 + Z 2 J \ Xl ~l~ -*2 + z 2 



X 1 +Y 1 X 2 + Y 2 J '^\X 1 +Y 1 X 2 + Y, 
<1< t l™ 1 ™A ■ det ( {Z ~ X)[Wl) {Z ~ X){W2) 

.!< t ™ 2 ) • det ( (X + Y)(Wl) {X + Y){W2) 

det (f fVdatp-p™ ^-f^}. 
\-<m ^2 / \ -^1 ^2 / 

4.5. Stationary vector fields. As we have seen, the stationary vector fields played an impor- 
tant role in the first proof of Theorem 14.91 This motivates the question whcthcr such vector 
fields exist for a given 2-Riemannian metric. Here we consider the case of 2-Riemannian met- 
rics g on open subsets of M 2 conformally equivalent to g st . In such a case we prove that the 
stationary vector fields X are precisely the solutions of the differential equation 

(15) 2div(X) + XQn(X)) = 0, 

whcre div(X) above is the divergence of X. The proof is based on the following lemma which 
gives the property of g st we shall need. 

Lemma 4.19. If X,Y e X(R 2 ) then 

Xg st (Y, Y/X) - 2 ■ g st ([X, Y],Y/X) = 2 ■ div{X) ■ g st (Y, Y/X). 

Proof. Given X, Y E X(M. 2 ) there are C°° maps a, b, c, d such that 

9,9 . 9,9 

X = a— + b— and Y = c— + d— , 
dx ay ax oy 

where J^- is the standard basis of X(R 2 ). By the definition of g st we have 

\dx dx I dy J 



and so 



(16) 9 st (Y,Y/X) 



det 



a b 
c d 
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by Lemma [2.21 - (2). On the other hand, if 9 is the Riemannian connection of the Euclidean 
metric in R 2 then 

9 x X = X(a)—+X{b) — and 9 Y X = Y(a)— + Y(b) — . 
See [6]. Therefore, applying Lemma \2. 21 ( 2 ) twice we get 



g st (9 x X,X/Y)+g st (9 Y X,Y/X) 

det 

But straightforward computations yield 



det( X(ö) C> l-detf Y(a) a 
ul{ X(b) d) aet \Y(b) b 



a b 
c d 



, fX(a) c\ .da , ,da db , db 

det {x(b) d)- ad d^ + b %- ac d^- b % 

and 

, (Y(a) a\ . da u da db db 
det {Y(b) b)= bc d^ + b %- aC d^- a %- 
which together with (IT6l) yield 

div(X) ■ g st (Y,Y/X) = g st (9 x X,X/Y)+g st (9 Y X,Y/X) 
since div(X) = |j + J| is the divergence of X. Therefore, 

^(x)- 3 st (r,y/x) = . g st (M,x/y) + 5 st (M, r/x) 

5 s *([x,y],r/x). 

On the other hand, 9 is an adapted ordinary pseudoconnection of g st by Proposition 14.151 
Hence 

g st (9 x X,X/Y) + g st {9 x Y,Y/X) = gg^O^Zg) . 



Replacing above we get 

di«(x) ■ ö st (y,y/x) = Xg8t(Y ' y/x) - g st ([x,y],y/x) 

which implies the result. □ 

Now we can state the main result of this subsection. 

Theorem 4.20. Let g = X-g st be a 2-Riemannian metric conformally equivalent to g st . Then, 
the stationary vector fields with respect to g are precisely the solutions X of U5\) . 



Proof. We know from Remark 14.41 that X G X is stationary with respect to a 2-Riemannian 
metric g if and only if 

Xg(Y,Y/X) = 2g([X,Y],Y/X), VF G X. 
In the specific case g — X ■ g st this last expression is equivalent to 

^g**(Y,Y/X) +Xg st (Y,Y/X) = 2g st ([X, Y],Y/X), VF G X. 

Applying Lemma 14.191 we get the equivalent equality 

(2div(X) + X(lnX))g st (Y,Y/X) = 0, MY G X. 

Obviously if X is a solution of (fT"5|) then X is stationary by the above equality. Conversely if 
X is stationary, then X satisfies the above equality hence 2div(X) + X(\nX) = outside the 
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set of zeroes of X. But 2div(X) + X(\nX) — in the interior of the set of zeroes of X too. 
Therefore, 2div(X) + X(\n A) = everywhere hence X solves flTSl) . This proves the result. □ 

Applying this theorem to the constant map A = 1 we immediately obtain the following 
corollary. 

Corollary 4.21. The stationary vector fields with respect to g st in M 2 are the divergence free 
ones. 

One more consequence is the existence of stationary vector fields for certain 2-Riemannian 
metrics in M 2 . 

Corollary 4.22. Every 2-Riemannian metric o/R 2 conformally equivalent to g st has stationary 
vector fields. 

Proof. This follows from the fact that (TTS)) has a solution for ali A. □ 
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